ABSTRACT: There are several ways of generalizing classical growth models to describe the complex nature of animal growth. One possibility is to construct a model based on a sum of several classical growth functions. In this paper, such multiphasic growth models for breeding bulls of the Czech Pied cattle based on the sum of two logistic functions are studied. The logistic function was chosen as a base for the models due to the relatively low degree of nonlinearity for the growth data. The paper describes three steps of constructing such a multiphasic growth model: in the first step a model with four unknown parameters is considered, in the second step the number of model parameters which are to be estimated is increased to five and in the third step a general model with six parameters is used. In each step, statistical properties of the considered model are checked. The residual variability of the best fitting model is on average approx. 8 times lower than the residual variability of classical Gompertz model which is often used by breeders to model cattle growth.
Interest in the modelling of animal growth is caused, besides interest in studying the biological phenomena themselves, by important economic implications growth has for animal breeders. A fitting model gives an opportunity to summarize important growth characteristics (such as growth rate, earliness, daily gain, food conversion, mature body size and weight, length of the time interval between birth and maturity) into just a few model parameters. These parameters can be used as a base of selection (e.g. Beltran, 1992; Mignon-Grasteau et al., 2000) . Statistical analysis can also identify relations between growth curve parameters and important production and reproduction traits (e.g. de Torre et al., 1992; Menchaca et al., 1996; Hyánková et al., 2001) . Frequently used are also allometric models (e.g. Zeger et al., 1987; Koops and Grossman, 1991b) .
Classical growth models 1 assume that the postnatal growth rate monotonically increases until certain age when it reaches maximum and then it monotonically decreases and (asymptotically) reaches zero. The corresponding growth curve is a smooth monotonic sigmoidal curve with one inflection point (which corresponds to the maximum growth rate age) and an asymptote. The growth model often describes a relation between live weight of an animal y and its age t. Then the asymptote of the growth curve is usually interpreted as the final weight of an adult animal.
Observed growth data may reveal in some cases that the real growth is a more complex process than the above-mentioned classical model assumes. The growth data on Czech Pied breeding bulls in Figure  1 indicate that a multiphasic growth model with two classical phases could fit the data better than the classical one. Multiphasic growth models were proposed by Koops (1986) and since that time multiphasic growth was examined in several species (chicken - Koops and Grossman, 1988; mouse -Koops et al., 1987; Kurnianto et al., 1999; Koops and Grossman, 1991a,b; pig -Koops and Grossman, 1991c; Japanese quail -Knížetová et al., 1995 ; allometric relations in rabbits, fish and chicken - Koops and Grossman, 1993) ; for related papers see also Hyánek and Hyánková, 1995; Nešetřilová, 1998) .
Multiphasic growth models for cattle
H. NEŠETŘILOVÁ Czech University of Agriculture, Prague, Czech Republic
METHOD
For the purpose of the study, data on body weight of 101 breeding bulls of the Czech Pied cattle were collected. Body weight was recorded from approx. 30 days up to (max.) 1 400 days of age. The weighing interval was approx. 30 days, nevertheless it differed individually.
The observed growth data (Figure 1) suggest that a suitable multiphasic growth model could be constructed either as a sum of two classical growth functions or as a change point model. In this paper, the first approach was considered and the mean body weight of individual bulls was modelled as a sum of two growth functions (corresponding to two "classical" growth phases). As possible candidates for the construction of such a multiphasic model were considered the following functions (which are used as the "classical" growth models):
Richards
Morgan -Mercer -Flodin
Among those models, Gompertz and Richards functions have often been used for cattle growth modelling.
Nešetřilová (2001) compared statistical properties of functions (1) to (5) in classical models of growth data on the Czech Pied breeding bulls. Based on this study, two functions were considered for the construction of the multiphasic model, logistic and Gompertz. Especially the logistic function seemed to be a reasonable choice because of the low degree of nonlinearity. In this paper, the growth model based on the sum of two logistic functions is considered. For the model based on the sum of two Gompertz functions see Nešetřilová (2004) .
The growth model which is a sum of two logistic functions has, in general, six parameters which have to be estimated from data. As the number of parameters was considered too high and as there were some indications that parameter β could be the same for both growth phases, the growth model was constructed in three steps.
In the first step the assumption was made that β 1 = β 2 (= β) and moreover its value was set fixed for each animal. (This step was considered as preparatory and its purpose was to help set initial values for estimates in the second step.) This growth model referred to as LOGISTIC 4 had four parameters which were estimated from the observed data,
where: β fix = the fixed numerical constant 2 α 1 , α 2 , γ 1 , γ 2 = model parameters
In the second step, β was considered to be an unknown parameter and thus the corresponding model LOGISTIC 5 had five parameters α 1 , α 2 , β,
The most general model was LOGISTIC 6 with six parameters α 1 , α 2 , β 1 , β 2 , γ 1 , γ 2
In these models α 1 (α 2 ) represents the asymptote of the first (second) growth phase, γ 1 (γ 2 ) growth rate in the first (second) growth phase and α 1 + α 2 is the asymptote of the resulting growth curve (lim y(t) = α 1 + α 2 ). Parameters β (β 1 , β 2 ) have no straightforward biological interpretation.
Considered models are nonlinear regression models, thus their properties can be studied only in combination with data sets for which they are used. This is caused by the fact that the regression 2 Choice of β was based on the fact that β = ln ( α 1 + α 2 -1)
where: y(0) = the birth body weight t →∞ response surface can have different properties for different data sets (see Ratkowsky, 1983) . Two criterions were used to evaluate the goodness-of-fit of a growth model. The first criterion was residual variability measured by residual variance s 
γ 2 ) n = denotes the number of observations p = the number of model parameters ; (s 2 was preferred to S due to the unequal number of observations on individual animals)
The second criterion was the degree of "nonlinearity" for a specific model/data combination because regression models with a low degree of nonlinear behaviour have preferable statistical properties 3 (see Ratkowsky, 1983) . Nonlinearity of a model can be separated into two components: intrinsic nonlinearity (associated with geometric properties of the solution locus, with its curvature) and parameter-effects nonlinearity (associated with parametrisation of the model) 4 . It is strongly recommended to use close-to-linear models which have both the low intrinsic nonlinearity and low parameter-effects nonlinearity (for details see Ratkowsky, 1983; Zvára, 1989) .
RESULTS AND DISCUSSION
The model LOGISTIC 4 (fixed β) was considered only as a preparatory step for the subsequent construction of more complex models. It helped to set initial estimates of parameters of the more complex model LOGISTIC 5 (β estimated parameter). Convergence to the final estimates was fast, also due to the relatively low 5 degree of nonlinearity of logistic models for the bull data (Tables 4 and 5) . Table 1 summarizes residual sums of squares S and residual variances s 2 for bulls 6 from the considered group with maximum number of weight determinations n. In the model LOGISTIC 6 (generally β 1 ≠ β 2 ) residual variability, measured by the residual sum of squares S, further decreased. The decrease in residual variability was marked in some 3 Nonlinear regression models differ from linear regression models in this way: when the assumption of independent and identically distributed normal random errors is made, the least-squares estimators of linear model parameters are generally unbiased, normally distributed and have minimum variance while in the case of nonlinear models the least-squares estimators have these properties only asymptotically. Thus, the estimators are generally biased and their properties (in case of a finite sample) are not known. The extent to which a nonlinear model differs from a linear one (bias, degree of nonnormality, increase of estimator variability) can vary greatly for different nonlinear model/data combinations. Thus it is not possible to give a general recommendation as to how large the sample size must be so that the properties of a model are close to its asymptotic behaviour. Further, magnitude of an estimator bias and increase of the estimator variability are related to the degree of the "nonlinearity" of its distribution. Besides the advantages mentioned above (close-to-asymptotic behaviour), predicted response values y will have only a small bias and computational complexity and problem of the initial estimates of the parameter vector will also decrease.
4 Intrinsic nonlinearity has an impact on the extent of bias of y predictions while parameter-effects nonlinearity may negatively influence the convergence to the least-square estimates of the model parameters. Parameter-effects nonlinearity may sometimes be decreased by suitable reparametrization of a model while intrinsic nonlinearity does not depend on parametrization. 5 Degree of nonlinearity is considered low if it is bellow (F 0.95 (Tables 4-6 ). 6 All models were constructed for individual animals. animals but in others it was only so slight that the residual variance s 2 , which penalizes the model for the number of parameters, increased. The comparison of models LOGISTIC 5 and LOGISTIC 6 indicates that for some animals the parameter β might be the same for both growth phases but for others it is not true. Point estimates of model parameters and their precision (characterised by asymptotic standard errors) for models LOGISTIC 4-LOGISTIC 6 are given in Tables 2-4. As expected, the precision of estimation decreased with the number of parameters of the model but the drop was not fatal. This fact is related to the increase of nonlinearity (see below). The shape of growth curves LOGISTIC 5 and LOGISTIC 6 and their correspondence to data can be visually inspected in Figure 2 .
The second criterion to evaluate the goodnessof-fit was a close-to-linear behaviour of a growth model. For its evaluation, measures of nonlinearity of considered model/data combinations in models LOGISTIC 4-LOGISTIC 6 were computed (Tables 5-7) . Nonlinearity is usually classified as high if the maximum of the corresponding measure exceeds
where: n = the size of a data sample p = the number of model parameters (see Zvára, 1989, p. 230) A comparison of the level of nonlinearity in the models LOGISTIC 5 and LOGISTIC 6 is interesting in this respect. While in the model LOGISTIC 5 the intrinsic nonlinearity was low and the parametereffects nonlinearity exceeded (Table 4) . Thus, the model LOGISTIC 5 had better statistical properties than the model LOGISTIC 6 but the question if it was acceptable for the observed data was open. To answer it, an asymptotic test for testing H 0 : β 1 = β 2 against A : β 1 ≠ β 2 was performed (see Ratkowsky, 1983, p. 138) . The test, based on the change in the residual sum of squares between models LOGISTIC 5 and LOGISTIC 6 for all considered animals, ended in rejection of the null hypothesis (α < 0.01). Thus the general model LOGISTIC 6 with six parameters α 1 , α 2 , β 1 , β 2 , γ 1 , γ 2 should be considered as adequate for the modelling of bull growth. To document the improvement of using this model in comparison with the classical Gompertz model, the residual variability for both models is presented in Table 8 . For the same growth data, the multiphasic growth model LOGISTIC 6 has on average more than 8 times lower residual sum of squares than the Gompertz model which is often used to model cattle growth.
Efforts to find a growth model which fits the observed data as close as possible are justified by the fact that parameters of the growth model can be used for estimation of breeding value of an animal and for subsequent selection. Considering the impact breeding bulls have on production and reproduction traits in cattle subpopulations, further research on more appropriate growth models is desirable. 
